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INCLUSION OF ΛBV (p) SPACES IN THE CLASSES Hqω
MAHDI HORMOZI
Abstract. A characterization of the inclusion ofWaterman-Shiba
classes into classes of functions with given integral modulus of con-
tinuity is given. This corrects and extends an earlier result of a
paper from 2005.
1. Preliminaries
Let Λ = (λi) be a nondecreasing sequence of positive numbers such
that
∑
1
λi
= +∞ and let p be a number greater than or equal to 1.
A function f : [a, b]→ R is said to be of bounded p-Λ-variation on a
not necessarily closed subinterval P ⊂ [a, b] if
V (f) := sup
(
n∑
i=1
|f(Ii)|
p
λi
) 1
p
< +∞,
where the supremum is taken over all finite families {Ii}
n
i=1 of nonover-
lapping subintervals of P and where f(Ii) := f(sup Ii) − f(inf Ii) is
the change of the function f over the interval Ii. The symbol ΛBV
(p)
denotes the linear space of all functions of bounded p-Λ-variation with
domain [0, 1]. The Waterman-Shiba class ΛBV (p) was introduced in
1980 by M. Shiba in [9]. When p = 1, ΛBV (p) is the well-known Wa-
terman class ΛBV . Some of the basic properties of functions of class
ΛBV (p) were discussed by R. G. Vyas in [12] recently. More results
concerned with the Waterman-Shiba classes and their applications can
be found in [1], [2], [4], [6], [7], [8], [10] and [11]. ΛBV (p) equipped
with the norm ‖f‖Λ, p := |f(0)|+ V (f) is a Banach space.
Functions in a Waterman-Shiba class ΛBV (p) are regulated [11, Thm.
2], hence integrable, and thus it makes sense to consider their integral
modulus of continuity
ωq(δ, f) := sup
0≤γ≤δ
(∫ 1−γ
0
|f(t+ γ)− f(t)|q
) 1
q
dt,
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for 0 ≤ δ ≤ 1. However, if f is defined on R instead of on [0, 1] and
if f is 1-periodic, it is convenient to modify the definition and put
ωq(δ, f) := sup
0≤γ≤δ
(∫ 1
0
|f(t+ γ)− f(t)|q
) 1
q
dt,
since the difference between the two definitions is then nonessential in
all applications of the concept. A function ω : [0, 1] → R is said
to be a modulus of continuity if it is nondecreasing, continuous and
ω(0) = 0. If ω is a modulus of continuity, then Hqω denotes the class of
functions f ∈ Lq[0, 1] for which ωq(δ, f) = O(ω(δ)) as δ → 0+.
In [4], a necessary and sufficient condition for the inclusion ΛBV (p)
in H1ω, is given. Also, Wang [13] by using an interesting method found
a necessary and sufficient condition for the embedding Hqω ⊂ ΛBV .
Here, we give a necessary and sufficient condition for the inclusion of
ΛBV (p) in Hqω.
2. main result
In [3], it was claimed that the following is true.
Theorem 2.1. For q ∈ [1,∞), the inclusion ΛBV ⊂ Hωq holds if and
only if
(1) lim sup
n→∞
1
ω(1/n)n
1
q
max
1≤k≤n
k
1
q
(
∑k
i=1
1
λi
)
< +∞.
The proof of sufficiency of the condition came up immediately from
[5] and so, the main part of [3] concerns the proof of necessity. The
theorem itself is correct but, unfortunately, there is a major mistake
regarding the existence of some subsequences, which ensures that the
proof of [3] is incorrect. To understand this, take ω(x) = x1/p. Then we
can choose γk = 2
k, γ′k = n
′
k = k. If we take s
′
k = k, then the condition
for case (a) in [3] is satisfied, since m(x) ≤ 2x by definition. But for
subsequences rk of s
′
k, relation (3) in [3], ω(
1
2rk
)·2rk/p ≤ 4−k, is not true.
Our main result provides a characterization of the embedding of a
generalization of ΛBV , Waterman-Shiba classes, into classes of func-
tions with given integral modulus of continuity. Thus, by considering
p = 1, the correctness of [3, Thm. 1] can be verified.
Theorem 2.2. For p, q ∈ [1,∞), the inclusion ΛBV (p) ⊂ Hωq holds if
and only if
(2) lim sup
n→∞
{
1
ω(1/n)n
1
q
max
1≤k≤n
k
1
q
(
∑k
i=1
1
λi
)
1
p
}
< +∞.
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Proof. To observe that equation (2) is a sufficiency condition for the
inclusion ΛBV (p) ⊂ Hωq , we prove an inequality which gives us the
sufficiency :
ω(
1
n
, f)q ≤ V (f)
{
1
n
max
1≤k≤n
k
(
∑k
i=1 1/λi)
q
p
} 1
q
.
Kuprikov [5] obtained Lemma 2.3 and Corollary 2.4 where q ≥ 1.
Lemma 2.3. Let q ≥ 1 and suppose F (x) =
∑n
i=1 x
q
i takes its maxi-
mum value under the following conditions
(
n∑
i=1
xi
λi
) ≤ 1,
x1 ≥ x2 ≥ x3 ≥ ... ≥ xn ≥ 0,
then, x = (x1, x2, ..., xn) satisfy
(3) x1 = x2 = ... = xk =
1∑k
j=1 1/λj
> xk+1 = xk+2 = ... = xn = 0,
for some k (1 ≤ k ≤ n).
Corollary 2.4. The maximum value of F (x), under the conditions of
Lemma 2.3, is max1≤k≤n
k
(
∑k
j=1
1
λj
)q
.
Lemma 2.5. Suppose 0 < q < 1 and the conditions of Lemma 2.3
hold, then
n∑
i=1
xqi =
n
(
∑n
j=1
1
λj
)q
= max
1≤k≤n
k
(
∑k
j=1
1
λj
)q
.
Proof. Ho¨lder inequality yields
n∑
i=1
xqi ≤ n
1−q
n∑
i=1
xi ≤
n
(
∑n
j=1
1
λi
)q
.
Thus F (x) takes its maximum when xi =
1
∑n
j=1
1
λj
for 1 ≤ j ≤ n. 
Now, we return to the proof of inequality:
ωq(
1
n
, f)q = sup
0<h≤ 1
n
∫ 1
0
|f(x+ h)− f(x)|q dx
= sup
0<h≤ 1
n
∫ 1
n
0
n∑
k=1
|f(x+ k−1
n
+ h)− f(x+ k−1
n
)|q dx.
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For h ≤ 1
n
and fixed x, denote xk := |f(x +
k−1
n
+ h) − f(x + k−1
n
)|p.
We reorder xk such that
x1 ≥ x2 ≥ ... ≥ xn ≥ 0,
(
n∑
k=1
xk
λk
) 1
p
≤ V (f).
Therefore, by replacing q by q/p in Lemma 2.3, Lemma 2.5 and Corol-
lary 2.4, we get
ωq(
1
n
, f)q = sup
0<h≤ 1
n
∫ 1
n
0
n∑
k=1
x
q
p
k dx
≤
∫ 1
n
0
V q(f) max
1≤k≤n
k
(
∑k
i=1 1/λi)
q
p
dx
=
1
n
V q(f) max
1≤k≤n
k
(
∑k
i=1 1/λi)
q
p
.
Necessity. Suppose (2) doesn’t hold, that is, there are sequences
nk and mk such that
(4) nk ≥ 2
k+2,
(5) mk ≤ nk,
(6) ω( 1
nk
)(
nk
mk
)
1
q (
mk∑
i=1
1
λi
)
1
p <
1
24k
,
where
max
1≤ρ≤nk
ρ
(
∑ρ
i=1 1/λi)
1
p
=
mk
(
∑mk
i=1 1/λi)
1
p
.
Denote
(7) Φk :=
1∑mk
i=1 1/λi
.
Consider
gk(y) :=


2−kΦ
1/p
k , y ∈ [
1
2k
+ 2j−2
nk
, 1
2k
+ 2j−1
nk
); 1 ≤ j ≤ Nk,
0 otherwise,
where
(8) sk = max{j ∈ N : 2j ≤
nk
2k
+ 1},
and
(9) Nk = min{mk, sk}.
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Hence, applying the fact 2(sk + 1) ≥
nk
2k
+ 1 and (4), we have
(10)
2sk − 1
nk
≥ 2−k−1.
The functions gk have disjoint support. Thus g :=
∑∞
k=1 gk is a
well-defined function on [0, 1]. Since
‖g‖ ≤
∞∑
k=1
‖gk‖
=
∞∑
k=1
(
2Nk∑
j=1
|2−kΦ
1/p
k |
p
λj
)1/p
≤
∞∑
k=1
2−k
(
2
Nk∑
j=1
|Φk|
λj
)1/p
(9)
≤
∞∑
k=1
2−k
(
2
mk∑
j=1
|Φk|
λj
)1/p
(7)
=
∞∑
k=1
2−k
(
2
∑mk
j=1
1
λj∑mk
j=1
1
λj
)1/p
< +∞,
we observe that g ∈ ΛBV (p).
If Nk = mk, then
(11)
(2Nk − 1)
nk
· |Φk|
q
p ≥
1
( nk
mk
)(
∑mk
i=1 1/λi)
q
p
and if Nk = sk then
(12)
(2Nk − 1)
nk
· |Φk|
q
p
(5),(10)
≥ 2−k−1 ·
mk
nk(
∑mk
i=1 1/λi)
q
p
.
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Since |g(x+ 1
nk
)− g(x)| = 2−kΦ
1/p
k for x ∈ [
1
2k
, 1
2k
+ 2Nk−1
nk
], we get
ωq(
1
nk
, g)q = sup
0<γ≤
1
nk
∫ 1
0
|g(x+ γ)− g(x)|q dx
≥
∫ 1
0
|g(x+
1
nk
)− g(x)|q dx
≥
∫ 1
2k
+
2Nk−1
nk
1
2k
|g(x+
1
nk
)− g(x)|q dx
=
2Nk − 1
nk
· 2−kq|Φk|
q
p
(11),(12)
≥
1
2k+qk+1
·
mk
nk(
∑mk
i=1 1/λi)
q
p
,
and finally
ωq(
1
nk
, g)
ω( 1
nk
)
≥ (
1
2k+qk+1
)
1
q ·
1
ω( 1
nk
)
·

 1
( nk
mk
)
1
q (
∑mk
i=1 1/λi)
1
p


(6)
≥ 2k −−−→
k→∞
+∞,
which shows that g /∈ Hqω. 
Condition (2) simplifies when p ≥ q. Thus we have the following
Corollary.
Corollary 2.6. For p, q ∈ [1,∞)(p ≥ q), the inclusion ΛBV (p) ⊂ Hωq
holds if and only if
(13) lim sup
n→∞
{
1
ω(1/n)(
∑n
i=1
1
λi
)
1
p
}
< +∞.
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